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A phenomenological constitutive model for cyclic viscoplasticity is presented within the
framework of uniﬁed state variable theory. The model utilizes three distinct parameters
to account for the cyclic (isotropic) hardening: drag stress, isotropic stress and rate sensi-
tivity parameter causing the back stress to be rate-dependent. With the help of a rate-
dependent format of the back stress, the constitutive model can reproduce positive, zero
and negative strain rate sensitivity of the ﬂow stress in a concise manner. The purpose
of the paper is to investigate the inﬂuence of the three parameters on stress relaxation
behavior and rate-dependent cyclic hardening concerned with the variation in strain rate
sensitivity. The applicability of the model to monotonic and cyclic loading is validated
by comparing the predictions with experiments of two stainless steels and an aluminum
alloy reported in literature.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Inelastic deformation behavior of metals and alloys is considered to be a rate process. During the past decades, much pro-
gress has been made in the development of viscoplastic constitutive equations taking strain rate sensitivity into account. In
general, the rate sensitivity is highly nonlinear; a 10-fold change in loading rate causes a less than 10-fold change in the ﬂow
stress that refers to stress when inelastic ﬂow is fully established. A state of material in uniﬁed state variable models depends
on the values of observable variables and a set of internal state variables (Krausz and Krausz, 1996; Lemaitre, 2001). These
models do not have separate repositories for plastic and creep deformation. In essence, there seem to be two different ap-
proaches in the development of constitutive equations. While one approach introduces yield criterion the other does not use
the concept of yield surface (Bodner and Partom, 1975; Miller, 1976; Walker, 1981; Chaboche and Rousselier, 1983; Krempl,
1987; Khan and Liang, 1999; Hashiguchi, 2005; Voyiadjis and Abed, 2006).
The Portevin–Le Chatelier (PLC) effect referred to as plastic material instability is attributed to dynamic strain aging,
which is associated with the interaction between mobile dislocations and diffusing solute atoms. Dynamic strain aging
may be manifested by the serrated ﬂow in stress–strain curve, an increase in material strength and a reduction of ductility
with temperature, and negative strain rate sensitivity.
Based on microscopic mechanisms from a physical point of view, numerous models have been developed to reproduce
the oscillatory plastic ﬂow and the boundary of the PLC range with respect to temperature and loading rate (Cottrell,
1953; McCormick, 1972; Miller and Sherby, 1978; Mulford and Kocks, 1979; Kubin and Estrin, 1985; Rizzi and Hähner,
2004; Picu, 2004). By contrast, uniﬁed viscoplastic models for the negative rate sensitivity of the ﬂow stress have based
on mathematical or phenomenological viewpoints and thus they may be in the lack of physical interpretations. But uniﬁed
viscoplastic models appear to be more appropriate for the use of inelastic stress analysis, which is needed for the design of
machinery or manufacturing process, due to their modeling capabilities for a variety of rate-dependent inelastic deformation. All rights reserved.
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Krempl, 2002; Ho, 2001, 2004, 2006, 2008).
Even though monotonic tensile experiments for different strain rates exhibit zero rate sensitivity, namely strain rate
insensitivity, apparent stress drops as rate-dependent inelastic deformation behavior are observed in relaxation tests
(Kuruppu et al., 1992; Yaguchi and Takahashi, 2000; Kaneko and Oyamada, 2000). Furthermore, the relaxed stresses during
relaxation were dependent on prior strain rate. As cyclic deformation progresses in a certain temperature regime, a gradual
change of the negative strain rate sensitivity is observed under cyclic hardening (softening) condition (Hong and Lee,
2004a,b, 2005; Wu and Lin, 2005). In stress relaxation tests after cyclic preloading, the magnitude of stress drop depends
on the amount of cyclic preloading (Chaboche, 1989; Mayama and Sasaki, 2006; Mayama et al., 2007). Mayama et al.
(2007) showed that the amount of stress drop during relaxation decreased with an increase of cyclic preloading even when
hysteresis loops just before the subsequent relaxation tests had the same stress-strain curve. With the intention of verifying
the capability of the proposed constitutive equations, these inelastic deformation behaviors are going to be modeled.
Within the context of rate-dependent inelastic deformation behavior, the present paper demonstrates how to model po-
sitive, zero and negative rate sensitivity of the ﬂow stress through the rate-dependent evolution of the back stress. Cyclic
hardening (softening) is also investigated systemically through correlation studies on variations of the strain rate sensitivity
and the overstress deﬁned by the difference between the stress and the back stress. Using the evolution laws for the drag
stress D, the isotropic stress A and the rate sensitivity parameter b, the constitutive model reproduces cyclic hardening
behavior concerned with a variation of strain rate sensitivity and stress relaxation behavior.
2. Viscoplastic constitutive model
The constitutive model is a uniﬁed state variable theory with the concept of yield surface and considers inelastic
deformation behavior as to depend on a rate of deformation in accordance with the notion of materials science. Without
loading and unloading conditions, it consists of a ﬂow law and the evolution laws of state variables. A rate sensitivity
parameter is introduced into the dynamic recovery term of the evolution law for the tensor-valued back stress and into
the isotropic hardening term of the Mises yield function. This parameter allows the back stress to be rate-dependent in
the ﬂow stress region. It does not affect initial elastic deformation behavior but has evident inﬂuence on fully developed
inelastic deformation behavior by means of controlling the amount of rate-dependent contribution to the ﬂow stress. In
such a way the constitutive model can describe zero and negative rate sensitivity as well as positive rate sensitivity of
the ﬂow stress.
The initial version of constitutive equations was proposed to depict positive, zero and negative rate sensitivity of ﬂow
stress in total formulation with a stress rate term in the growth law for the back stress (Ho and Krempl, 2000, 2001,
2002). But the stress rate term seemed responsible for the conﬂict with the 2nd law of thermodynamics and the point of
view of material science and then was excluded in the next versions with or without the concept of yield surface to simulate
rate-dependent inelastic deformation behavior under monotonic loading (Ho, 2001, 2006, 2008). Based on the yield surface
model in deviatoric formulation (Ho, 2006), the present work mainly deals with gradual variations of the overstress and the
strain rate sensitivity of ﬂow stress, through asymptotic analysis, with respect to isotropic stress, rate sensitivity parameter
and drag stress that are concerned with cyclic hardening. And we make an estimate of the effect of their variations on the
amount of stress drop during relaxation.
The tensor-valued kinematic stress is responsible for modeling the Bauschinger effect and enables to model the strain
hardening rate of stress–strain curve. The main purpose of the isotropic stress is to model rate-independent cyclic hardening
or softening. Although the isotropic stress is deﬁned to be a scalar state variable for which an evolution law is needed, it may
be kept constant in the case of modeling monotonic or cyclic neutral deformation behavior.
For isothermal condition, the ﬂow law for small strain, volume preserving inelastic deformation and isotropy is given by_eij ¼ _eelij þ _einij ¼
1þ m
E
_sij þ 32B
Jðrij  HijÞ  R
D
 m ðsij  gijÞ
Jðrij  GijÞ ð1Þwhere eij is the deviatoric component of the total strain eij and is assumed to be the sum of elastic component eelij and inelastic
component einij . A superposed dot designates material time derivative. E and m are the elastic modulus and Poisson’s ratio,
respectively. B and m are material constants, and D represents the drag stress. sij and gij are the deviatoric component of
the true stress rij and the back stress Gij, respectively. The symbol hi is Macauley’s bracket and means that: h xi = x if x > 0
and hxi = 0 if x 6 0. The second invariants in the above equation are deﬁned byJðrij  HijÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðsij  hijÞðsij  hijÞ
r
ð2aÞ
Jðrij  GijÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðsij  gijÞðsij  gijÞ
r
ð2bÞwhere hij is the deviator of the kinematic stress Hij.
Inelastic strain rate is always in the direction of the overstress (sij  gij) that is deﬁned as the difference between the stress
and the back stress. On constant strain rate condition, the constitutive theory admits long-time asymptotic solutions that
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The back stress involved in this study plays a similar role but not the same as the term back stress in the conventional
rate-independent plasticity model. A key difference is that the back stress in plasticity models is responsible for kinematic
hardening, whereas the back stress in this constitutive law has no direct responsibility for modeling kinematic hardening.
Instead, the kinematic stress plays that role as can be seen in the below deﬁnition for the von Mises yield function. An
asymptotic solution for J(rij  Hij)  R in Eq. (1) becomes a limit of the overstress invariant J(rij  Gij). The inelastic strain
rate in an asymptotic state thus reduces to a function of the overstress that increases with loading rate nonlinearly. And this
property allows to model the nonlinear rate-dependency of inelastic deformation behavior; details will be discussed in Sec-
tion 3.1.
The von Mises yield function is expressed by combining the kinematic and the isotropic hardening:f ¼ Jðrij  HijÞ  R 6 0 ð3Þ
The use of the yield criterion introduces pure elastic domain. Using the linear kinematic hardening rule, the evolution law for
the kinematic stress is_hij ¼ 23 Et _e
in
ij ð4Þwhere Et is related to the inelastic modulus based on total strain bEt by bEt ¼ Et=ð1þ Et=EÞ. The inelastic modulus can be
positive, zero or negative to model the slope at the maximum strain of interest. And the scalar variable R concerned
with the isotropic hardening is deﬁned to be rate-dependent by incorporating the overstress invariant J(rij  Gij) as
follows:R ¼ rc þ hAþ bJðrij  GijÞi ð5Þ
where rc is a positive constant and b < 1 is a rate sensitivity parameter. The magnitude of the scalar variable R is inﬂuenced by
the evolutions of three parameters: isotropic stress A, rate sensitivity parameter b and drag stress D of which evolution re-
sults in the change of the overstress invariant. Therefore, the isotropic hardening can be described by the evolution for one
among the three parameters or by a combination of their evolutions.
The evolution law for the isotropic stress is of the form_A ¼ ArðAf  AÞ _/; Ajt¼0 ¼ A0 ð6Þ
where Ar and Af are material constants and _/ is the effective inelastic strain rate. Ar controls the evolving rate of A, Af is an
asymptotic value corresponding to the stabilized cyclic deformation and A0 is the initial value of A. The isotropic stress A
makes a rate-independent contribution to the ﬂow stress and it describes cyclic hardening (softening) behavior by a progres-
sive increase (decrease) of the elastic limit as inelastic strain accumulates. In case of b = 0, the rate-dependent contribution of
the term bJ(rij  Gij) to the scalar variable R disappears and thus R becomes a rate-independent one due to the rate-indepen-
dent isotropic stress. The evolution law for the drag stress is_D ¼ DrðDf  DÞ _/; Djt¼0 ¼ D0 ð7Þ
where Dr, Df and D0 are material constants. The evolving drag stress causes the change of the overstress invariant. The rate
sensitivity parameter b is given byb ¼ b1
expðb2pÞ
þ b3 ð8Þwhere b1, b2 and b3 are material constants. p ¼
R
_/dt is the accumulated inelastic strain. It is noted that the rate sensitivity
parameter plays a key role in making the isotropic hardening variable R rate-dependent, and consequently, the back stress
has a rate-dependent property. The rate sensitivity parameter also affects cyclic hardening behavior by means of controlling
the amount of contribution of the overstress invariant to the variable R.
Modeling for the phenomena of interest is mainly accomplished by introducing the scalar variable R into the dynamic
recovery term in the evolution law of the back stress. Using the nonlinear kinematic hardening rule of the Armstrong and
Frederick type, the evolution law for the difference between the back stress gij and the kinematic stress hij consists of the
two competing effects of strain hardening and dynamic recovery. Rearranging for the back stress, the evolution law is then
written as_gij ¼ w 23 _e
in
ij 
ðgij  hijÞ
R
_/
 
þ _hij ð9Þwhere w is a material constant. Its purpose is to control the transition behavior between initial elastic deformation and fully
established inelastic deformation. The effective inelastic strain rate _/ is deﬁned as follows:_/ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
_einij _e
in
ij
r
¼ B Jðrij  HijÞ  R
D
 m
ð10Þ
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3.1. Asymptotic behavior
The rate-dependent property of the back stress enables the constitutive equations to clearly describe positive, zero and
negative strain rate sensitivity of the ﬂow stress and to reproduce relaxation behavior depending on prior strain rate. The
constitutive equations admit long-time asymptotic solutions, which are mathematically valid for inﬁnite time and reveal
essential characteristics of the constitutive model. The asymptotic solutions can be obtained by converting the differential
equations into integral equations and formally going through a limit process (Cernocky and Krempl, 1979; Ho, 2001; Krempl,
2001). They are thought to apply when inelastic ﬂow is fully established with sufﬁcient accuracy. For a constant strain rate
we obtain the following relations:f_sijg ¼ f _gijg ¼ f _hijg ð11aÞ
fgij  hijg ¼ fRg
fsij  gijg
fJðrij  GijÞg ð11bÞ
fsij  hijg ¼ fRþ Jðrij  GijÞg
fsij  gijg
fJðrij  GijÞg ð11cÞ
fJðrij  HijÞ  Rg ¼ fJðrij  GijÞg ð11dÞ
where {} denotes the asymptotic value of a quantity. Applying the relation f _gijg ¼ f _hijg to Eq. (9), we obtained Eq. (11b). Eq.
(11c) was then obtained by adding {sij  gij} on both sides of Eq. (11b). To arrive at Eq. (11d), we have made use of Eqs. (2a),
(2b) and (11c). It is seen from Eq. (11a) that the stress, the back stress and the kinematic stress evolve at the same rate, and
consequently, the stress and the back stress against strain have the same slope determined by the evolution of the kinematic
stress in the region of fully developed inelastic ﬂow. Eqs. (11b) and (11c) shows that the differences, {gij  hij} and {sij  hij},
are both in the direction of the overstress {sij  gij}. It is evident from Eqs. (5) and (11b) that the back stress has the rate-
dependent property except the case of b = 0.
The result of Eq. (11d) is used in evaluating an asymptotic solution for the inelastic strain rate deﬁned in Eq. (1):f _einij g ¼
3
2
B
Jðrij  GijÞ
D
 m fsij  gijg
fJðrij  GijÞg ð12ÞThe inelastic strain rate in the asymptotic state is nonlinearly dependent on the overstress. This property also admits to de-
ﬁne a viscoplastic potential in the asymptotic state:X ¼ BfDg
mþ 1
Jðrij  GijÞ
D
 mþ1
ð13ÞThe general normality law is satisﬁed by the relation f _einij g ¼ @X=@rij. Since the direction of the overstress coincides with that
of the inelastic strain rate in the asymptotic state, the asymptotic limits of the two differences, {gij  hij} and {sij  hij}, have
the same direction of the inelastic strain rate, see Eqs. (11b) and (11c).
A specialization of the model for uniaxial loading in the asymptotic state is instructive to elucidate the general properties
of the constitutive equations. Here a role of the rate sensitivity parameter b in modeling the inelastic deformation behavior
related to dynamic strain aging is illustrated. For uniaxial loading, we obtain J(rij  Gij) = jr  Gj and J(rij  Hij) = jr  Hj, and
the set of the uniaxial constitutive equations is easily reduced from the multiaxial formulation:_e ¼ _eel þ _ein ¼ _r
E
þ B jr Hj  R
D
 m ðr GÞ
jr Gj ð14Þ
_G ¼ w _ein  ðG HÞ
R
j _einj
 
þ _H ð15Þ
_H ¼ Et _ein ð16ÞApplying the asymptotic solution of f _rg ¼ f _Hg to Eqs. (14) and (16), we obtainfj _einjg ¼ bEj _ej ð17Þ
where bE ¼ E=ðEþ EtÞ. Utilizing Eqs. (12) and (17) for uniaxial loading, we ﬁndfjr Gjg ¼ D
bEj _ej
B
 !1=m
ð18ÞIt is worthy to note that the overstress invariant in an asymptotic state is proportional to the strain rate and the drag stress.
Assuming that the term A + bjr  Gj in Eq. (5) is positive, Eqs. (11b) and (11c) can be rewritten, respectively:
ac
Fig. 1.
(c and d
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 
þ fbjr Gjg fr Ggfjr Gjg
 
ð19aÞ
frg ¼ fHg þ frc þ Ag fr Ggfjr Gjg
 
þ fð1þ bÞjr Gjg fr Ggfjr Gjg
 
ð19bÞThe asymptotic limit for the back stress contains the rate-independent and the rate-dependent contribution. Since the evo-
lution laws for the kinematic stress and the isotropic stress are of the rate-independent form and rc is a material constant, the
ﬁrst bracket on the right-hand side of Eq. (19a) make a rate-independent contribution to the back stress. On the other hand,
the second bracket has a rate-dependent contribution to the back stress because the overstress increases with an increase of
loading rate. As a consequence, the ﬂow stress consists of the rate-independent and the rate-dependent contribution as seen
in Eq. (19b).
The three types of strain rate sensitivity for the ﬂow stress can be clearly classiﬁed through the value of the rate sensitivity
parameter b, controlling the amount of the rate-dependent contribution to the ﬂow stress. For 1 < b < 1 we can describe po-
sitive rate sensitivity of the ﬂow stress in which the ﬂow stress increases with an increase of loading rate. In this case the rate-
dependent contribution of the second bracket in Eq. (19b) is nonlinearly increasing with loading rate. Here, we note that the
back stress has negative rate sensitivity for 1 < b < 0, zero rate sensitivity for b = 0 or positive rate sensitivity for 0 < b < 1.
Whenb =  1 is chosen, the contributionof the rate-dependent termdisappears. Zero rate sensitivity of theﬂowstress, inwhich
the ﬂow stress exhibits no effect of loading rate, is thus modeled. In case of b <  1, the value of {(1 + b)jr  Gj} has a negative
sign so that it causes themagnitude of the ﬂow stress to decreasemorewith an increase of loading rate. This is the case of neg-
ative rate sensitivity of the ﬂow stress describing that the ﬂow stress decreases with an increase of loading rate. Therefore, the
constitutive equations have a consistent way to model positive, zero and negative rate sensitivity.
3.2. Change of overstress and strain rate sensitivity
To see what inﬂuence the evolutions of the three parameters can have on cyclic deformation behavior, we consider Eqs.
(19a) and (19b) in the region of tensile loading. The schematic diagrams of Figs. 1–3 illustrate the effect of the parametersPositive S.R.S. ( -1<β
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strain rate sensitivity; the peak stresses of each cycle are plotted against number of cycles and the peak stress difference
rH  rL for high and low strain rate subscripted with ‘H’ and ‘L’, respectively, is related to the magnitude of the strain rate
sensitivity. Even though the magnitude of the three parameters are gradually changing as cyclic deformation continues to
proceed, the asymptotic limits are assumed to be applicable with sufﬁcient accuracy when inelastic ﬂow is fully developed.
First, we investigate a variation of the overstress, which may be thought of as an important property due to its direct
inﬂuence on relaxation behavior, under cyclic loading with a constant strain rate. Using Eqs. (18), (19a) and (19b) with
C = jr  Gj, we obtain the following relations:a
c
Fig. 2.
(c and dDfrg
DA
¼ 1 and DfGg
DA
¼ 1; DfCg
DA
¼ 0 ð20aÞ
Dfrg
Db
¼ fCg and DfGg
Db
¼ fCg; DfCg
Db
¼ 0 ð20bÞ
Dfrg
DD
¼ ð1þ bÞDfCg
DD
and
DfGg
DD
¼ bDfCg
DD
;
DfCg
DD
¼
bEj _ej
B
 !1=m
ð20cÞIt follows from Eq. (20a) that the peak stress and the corresponding back stress increase at the same rate with an increase of
the isotropic stress A and thus no change happens in the magnitude of the overstress. These are shown in Fig. 1a and c for
positive and negative strain rate sensitivity of the ﬂow stress, respectively. The inﬂuence of the rate sensitivity parameter b
are the same as those of the isotropic stress as shown in Fig. 2a and c. It is noted that the peak stress for positive strain rate
sensitivity under the condition of 1 < b < 0 increases with an increase of the drag stress D due to a positive value of (1 + b) in
Eq. (20c), while the peak stress decreases in case of negative strain rate sensitivity with b<  1 due to a negative value of
(1 + b). However, the peak back stress in both cases decreases with an increase of D since the rate sensitivity parameter b
holds a negative value. And the overstress is increasing with D as expected in Eq. (20c). These properties are elucidatedPositive S.R.S. ( -1< <0 )
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negative strain rate sensitivity for the increasing drag stress and the magnitude of the overstress increases only with an in-
crease of the drag stress.
Next, a variation of strain rate sensitivity (SRS) is examined for two different strain rates. Using Eq. (19b), the difference
between the peak stresses can be written asfrH  rLg ¼ fð1þ bÞðCH  CLÞg ð21Þ
where the subscripts ‘H’ and ‘L’ denote a quantity for high and low strain rate, respectively. To arrive at the above relation,
the ﬁrst bracket on the right-hand side of Eq. (19b) for two different strain rates were canceled out due to its rate indepen-
dency. One measurement of strain rate sensitivity may be deﬁned by S ¼ Dr=Dðlog _eÞ that has the dimension of stress
(Mulford and Kocks, 1979; Mecking and Kocks, 1981). The strain rate sensitivity is directly related to the stress difference
between two different strain rates, so that Eq. (21) can be used to investigate a variation of strain rate sensitivity with cyclic
deformation; S = C{rH  rL} where C ¼ ðlog _eH  log _eLÞ1 > 0. Utilizing Eqs. (20a), (20b) and (21), we obtain the following
relations:DS
DA
¼ 0 ð22aÞ
DS
Db
¼ CfCH  CLg ð22bÞ
DS
DD
¼ Cð1þ bÞDfCH  CLg
DD
ð22cÞIt is obvious from Eq. (22a) that the evolution of the isotropic stress A during cyclic loading has no inﬂuence on a change of
rate sensitivity, see Fig. 1b of positive SRS and Fig. 1d of negative SRS. Recalling CH >CL in Eq. (22b), we can see that the
value of strain rate sensitivity increases with an increase of b. Hence, the peak stresses for the two different strain rates have
1014 K. Ho / International Journal of Solids and Structures 46 (2009) 1007–1018a diverging shape in case of the positive SRS of Fig. 2b, while they are converging for the negative SRS of Fig. 2d. For positive
SRS (1 < b < 0), strain rate sensitivity increases with D, as given in Eq. (22c), due to (1 + b) > 0 and D{CH  CL}/DD > 0 from
Eq. (18). On the other hand, strain rate sensitivity decreases with an increase of D in case of negative SRS (b <  1). The
diverging shapes of peak stresses are shown in Fig. 3b and d.
3.3. Relaxation
From experimental observations of stress relaxation behavior, it is generally known that relaxed stress depends on prior
strain rate and is affected by an amount of cyclic preloading. Evaluation on the role of the three parameters in the model
response to relaxation is carried out so as to gain insights into essential features of the constitutive model. Tensile loading
with constant strain rate is conducted up to a certain strain that is then kept constant for relaxation test. It is assumed that
relaxation test starts in the region of fully developed inelastic ﬂow where the inelastic modulus Et is much smaller than the
elastic modulus E. Hence, the asymptotic limits are still available on the start of relaxation.
Applying the relaxation condition _e ¼ 0 to Eq. (14), we obtain _ein ¼ j _rj=E, where _r 6 0. Substituting for _H from Eq. (16)
into Eq. (15), we immediately have_G ¼ w
E
1 ðG HÞ
R
	 

þ Et
E
 
j _rj ð23ÞThis relation means that a change of the back stress during relaxation is very small enough to be neglected since (G  H)/
R  1 and Et/E 1 in fully developed inelastic ﬂow region. Hence, it can be approximately assumed that the back stress does
not change during relaxation.
Using Eq. (19b) and rearranging for r, the initial stress that denotes the stress at the start of relaxation test is written by0 2 4 6 8
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Fig. 4. Simulations of A7075-T6 aluminum alloy: (a) zero rate sensitivity, (b) relaxation depending on prior strain rate.
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K. Ho / International Journal of Solids and Structures 46 (2009) 1007–1018 1015ri ¼ ðH þ rc þ AÞ  ð1þ bÞGib ð24Þwhere the initial back stress Gi means the back stress at the start of relaxation. It is seen from Eq. (14) that stress relaxation
terminates when r = H + R is satisﬁed. Making the substitution R = rc + A + b(r  G) and rearranging for r, we ﬁnd that the
ﬁnal stress at the termination of relaxation is given byrf ¼ ðH þ rc þ AÞ  bGi1 b ð25Þwhere we have used the assumption Gf = Gi. Now subtracting Eq. (25) from Eq. (24), and applying Gi = H + rc + A + bCi from Eq.
(19a), the amount of stress drop during relaxation test isDrrel ¼ ri  rf ¼ Cið1 bÞ ð26ÞwhereCi = ri  Gi. The amount of stress drop is a function of the rate sensitivity parameter b and the initial overstress invari-
ant Ci whose magnitude can be inﬂuenced by the prior strain rate and the evolving drag stress as seen in Eq. (18).
The stress drop depends on prior strain rate since the magnitude of the initial overstress increases with an increase of
strain rate experienced just before relaxation test. Next, we consider the effect of the evolution of the three parameters
during cyclic loading on the stress drop. The evolution of the isotropic stress does not change the initial overstress as
seen in Eq. (20a). As a result, a change of the isotropic stress has no effect on the stress drop. However, the initial over-
stress increases with an increase of the drag stress as expected from Eq. (20c), and consequently, the magnitude of stress
drop increases with the drag stress. In contrast to the cases of the isotropic stress and the drag stress, the rate sensitivity
parameter is directly related to the stress drop; when b < 0 the stress drop increases with an increase of the rate sen-
sitivity parameter.0 1 2 3 4 5 6
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Simulations of cold worked 316L stainless steel at 400 C. (a) negative rate sensitivity, (b) variation of negative rate sensitivity with cyclic loading.
1016 K. Ho / International Journal of Solids and Structures 46 (2009) 1007–10184. Numerical simulations
The presented constitutive model is used to simulate the experimental results available in the literature below. Relaxa-
tion tests reported by Kaneko and Oyamada (2000) on 7075-T6 aluminum alloy showed that the relaxed stress associated
with faster prior strain rate had smaller magnitude at the end of relaxation periods. Cold worked 316L stainless steel at
400 C exhibited cyclic softening behavior that was characterized by a gradual change of negative strain rate sensitivity with
the number of cycles (Hong and Lee, 2004a,b, 2005). Mayama et al. (2007) observed that 316L stainless steel had an effect of
cyclic preloading on the subsequent relaxation behavior; the amount of stress drop decreased with an increase in the num-
ber of cycles of cyclic preloading.
The experimental results obtained by Kaneko and Oyamada are shown in Fig. 4. The material constants used for simula-
tions are:2
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Fig. 6.
curvesB ¼ 1 104 s1; D ¼ 400 MPa; m ¼ 12; E ¼ 71 103 MPa; Et ¼ 1500 MPa
rc ¼ 1 MPa; A ¼ 730 MPa; w ¼ 200 103 MPa; b ¼ 1:0Unfortunately, the stress–strain curves over about 1% strain of the laboratory experiments are available in the simulation
of Fig. 4a. The experimental data for three different strain rates completely coincide with each other. This zero rate sen-
sitivity of the ﬂow stress is clearly simulated by using b =  1 that is the condition for zero rate sensitivity, but there
exists small rate dependency in the transition region from the initial elastic region to the fully developed inelastic ﬂow.
Even though the ﬂow stresses for strain rates of 105 and 103 s1 have the same magnitude at 7% strain, the amount of
stress drop associated with the fast prior strain rate is larger as seen in Fig. 4b. This relaxation property is predicted well
through Eq. (26) since the initial overstress Ci of 103s1 is higher than that of 105s1. It can be seen that the exper-
imental data are simulated well.0 200 400 600 800 1000 1200
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K. Ho / International Journal of Solids and Structures 46 (2009) 1007–1018 1017Referring to Fig. 5a and b, the simulations are well matched with the experimental data reported by Hong and Lee. The
simulations are obtained with the following material constants:B ¼ 1 102 s1; D ¼ 100 MPa; m ¼ 10; E ¼ 170 103 MPa; Et ¼ 1200 MPa
rc ¼ 1 MPa; w ¼ 350 103 MPa; Ar ¼ 0:3; A0 ¼ 472 MPa; Af ¼ 422 MPa
b1 ¼ 0:5; b2 ¼ 5:0; b3 ¼ 1:85The stress–strain curves in Fig. 5a show negative strain rate sensitivity. The tensile peak stress curves under strain amplitude
of 0.5% exhibit negative rate sensitivity decreasing with the number of cycles, which is characterized by a diverging shape as
shown in Fig. 5b. These are simulated through the rate sensitivity parameter changing from b = 1.35 to b = 1.85 satisﬁed
by the condition of b < 1 for negative rate sensitivity of the ﬂow stress, see Eq. (22b). In addition, the cyclic softening is
accomplished mainly by changing the isotropic stress from A0 = 472 MPa to Af = 422 MPa.
The experimental results conducted by Mayama et al. revealed that the monotonic loading tests showed positive strain
rate sensitivity, the cyclic deformation behavior experienced cyclic hardening followed by a slight cyclic softening and the
amount of stress drop depended on the number of cycles of cyclic preloading even though the maximum peak stresses had
the same magnitude as seen in Fig. 6a–c, respectively. The simulations are performed using the following material constants:B ¼ 1 104 s1; m ¼ 15; E ¼ 200 103 MPa; Et ¼ 3000 MPa
rc ¼ 1 MPa; w ¼ 180 103 MPa; Dr ¼ 4:7; D0 ¼ 120 MPa; Df ¼ 90 MPa
b ¼ 0:45; Ar ¼ 14:5; A0 ¼ 190 MPa; Af ¼ 250 MPaIt is seen in Fig. 6a that the positive rate sensitivity of the ﬂow stress is simulated with b = 0.45 satisfying the condition of
1 < b < 1 for positive rate sensitivity. In Fig. 6b, the initial cyclic hardening is obtained by the isotropic stress increasing
from A0 = 190 MPa to Af = 250 MPa and the subsequent cyclic softening by the drag stress decreasing from D0 = 120 MPa
to Df = 90 MPa. It is noted that the relaxation tests in Fig. 6c are performed at 0.5% strain corresponding to the same maxi-
mum peak stresses of the 10 and 50 cycles. Since the drag stress is decreasing with an increase of cyclic preloading, the mag-
nitude of the overstress is decreasing as seen in Eq. (20c). Thus, the stress drop decreased when the amount of cyclic
preloading increases is simulated as expected from Eq. (26). The subsequent creep behavior as well as relaxation depends
on the cyclic preloading as shown in Fig. 6d. The creep strain after 50 cycles of preloading is smaller than that after 10 cycles
when the creep tests start at the same stress that is kept constant during creep test. The simulations show the qualitatively
same result even though the simulation of 50 cycles over predicts. The combination of isotropic stress and drag stress is not
unique way in simulating the experimental data. Other combination of isotropic stress, drag stress and rate sensitivity
parameter may be possible. However, this non-uniqueness is not of substantial importance for simulating inelastic deforma-
tion behavior.
Cyclic hardening of stainless steel, in general, depends on strain range (Ohno, 1982; Kang et al., 2003). The peak stresses of
larger strain range vary faster with respect to number of cycles than those of smaller one. The constitutive model seems to be
weak in simulating the strain range dependent cyclic hardening. Although this subject is out of the domain of the present
work, a further modiﬁcation needs to be done for the evolution laws of the internal state variables related to cyclic hardening
to accurately describe the strain range dependence.
5. Conclusions
The constitutive equations admit asymptotic solutions, which are applicable to the fully developed inelastic region with
sufﬁcient accuracy. Through the asymptotic analysis revealing essential features of the constitutive model, we classiﬁed po-
sitive, zero and negative rate sensitivity of the ﬂow stress by means of the value of the rate sensitivity parameter. In addition,
the present work systemically investigated the effect of the three parameter, namely the isotropic stress, the rate sensitivity
parameter and the drag stress, on cyclic deformation behavior concerned with a variation of the strain rate sensitivity and
stress relaxation. And the applicability of the constitutive model was veriﬁed by comparing the simulations with the exper-
imental data for the three types of strain rate sensitivity in the literature.
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